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Abstract. In this paper, we give a framework for the study of the extremal 
length geometry of Teichmiiller space after S. Kerckhoff, F. Gardiner and H. 
Masur. There is a natural compactification using extremal length geometry 
introduced by Gardiner and Masur. The compactification is realized in a 
certain projective space. We develop the extremal length geometry in the 
cone which is defined as the inverse image of the compactification via the 
quotient mapping. The compactification is identified with a subset of the 
cone by taking an appropriate lift. The cone contains canonically the space of 
measured foliations in the boundary. 

We first extend the geometric intersection number on the space of measured 
foliations to the cone, and observe that the restriction of the intersection num- 
ber to Teichmiiller space is represented explicitly by the formula in terms of 
the Gromov product with respect to the Teichmiiller distance. From this ob- 
servation, we deduce that the Gromov product extends continuously to the 
compactification. 

As an application, we obtain an alternative approach to Earle-Ivanov-Kra- 
Markovic-Royden's characterization of isometrics. Namely, with some few ex- 
ceptions, the isometry group of Teichmiiller space with respect to the Te- 
ichmiiller distance is canonically isomorphic to the extended mapping class 
group. We also obtain a new realization of Teichmiiller space, a hyperboloid 
model of Teichmiiller space with respect to the Teichmiiller distance. 
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1. Introduction 

1.1. Background. The Tfeic/imuZter rfisiance is a canonical and important distance 
on Teichmiiller space. The geometry of the Teichmiiller distance is deeply related 
to the extremal length geometry on that space (cf. [28]). 

To the author's knowledge, in [19], S. Kerckhoff first studied the boundary of 
Teichmiiller space at infinity via extremal length, and the extremal length geometry 
on Teichmiiller space was formulated precisely by F. Gardiner and H. Masur in |13| . 
Indeed, in [13], they defined a compactification of Teichmiiller space, recently called 
the Gardiner-Masur compactification, which is defined by collecting the asymptotic 
behavior of projective classes of extremal lengths of simple closed curves (cf. §1.3p . 
The definition of their compactification is similar to the Thurston compactification. 
In fact, the Thurston compactification of Teichmiiller space is defined by collecting 
the asymptotic behavior of hyperbolic lengths of simple closed curves (cf. [7]). 
Actually, Gardiner and Masur observed in [13] a standard relation between the 
two boundaries. Namely, the Gardiner-Masur boundary contains the Thurston 
boundary in the sense that the space of projective measured foliations is contained 
in the Gardiner-Masur boundary. 
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By definition, any point in the Gardincr-Masur boundary is the projective class 
of a function on the set of homotopy classes of non-trivial and non-peripheral simple 
closed curves. In '33', the author observed that any boundary point is represented 
by a continuous function on the space of measured foliations, while any point of the 
Thurston boundary is represented by the intersection number function. Thus, the 
observation in [33^ sets our expectations that the Gardiner-Masur boundary have 
properties which are similar to those in the rich theory of the Thurston boundary. 

1.2. Motivation. 

1.2.1. Unification of TeichmiiUer geometry in terms of intersection number. In the 
original definition of the Thurston compactification of TeichmiiUer space, we rec- 
ognize each point of TeichmiiUer space as a function on the set of simple closed 
curves by assigning the hyperbolic lengths of simple closed geodesies. After the 
recognition, we take the closure of the set of projective classes of such functions in 
the projective space to get the compactification (cf. 7 ). In a broad sense, comple- 
tions due to Thurston carry out with recognizing each point of TeichmiiUer space 
as a function on the set of simple closed curves (see also [8;). The Gardiner-Masur 
compactification is defined by the same manner as the Thurston compactification 
by considering the square root of extremal length instead of the hyperbolic length 
(cf. ()1.2|) '). Hence, the Gardiner-Masur compactification is considered as an object 
in the category "Thurston's completion" . Thus, it is expected, as mentioned in the 
previous section, that every boundary point of the Gardiner-Masur compactifica- 
tion is recognized as the projective class of a function on the set of simple closed 
curves defined by (a kind of) intersection number. 

In [5], F. Bonahon realized the Thurston compactification in the space of geo- 
desic currents. Indeed, in his method, any point of TeichmiiUer space is associated 
to an equivariant Radon measure on the space of hyperbolic geodesies on the uni- 
versal cover of the base surface of TeichmiiUer space. He extended the notion of 
intersection number function to the space of geodesic currents. It should be noted 
that he gave a unified treatment for the Thurston compactification in terms of the 
intersection number. His theory is broadly applied in many fields in mathematics 
and yields enormous rich results (cf. e.g. [3] and [5]). 

Thus, it is natural to ask : 

Question 1. Can we develop extremal length geometry in terms of intersection 
number ? 

1.2.2. Relation to the geometry on the TeichmiiUer distance. As discussed in the 
previous section, the space R'^ of non-negative functions on the set of simple closed 
curves admits a distance is the ambient space of Thurston's completion. The interior 
in the ambient space MJ^ admits a distance 



which is perceived as the product distance of countably many 1-dimensional hy- 
perbolic spaces. Possibly doo{f,g) = oo for some f,g K'^ and the topology from 
p.ip is different from the product topology on M.'^. 

From Kerckhoff's formula (|2.8p . the TeichmiiUer distance is represented by the 
ratios of extremal lengths. Moreover, a natural lift (11.31) of the Gardiner-Masur 
embedding gives an isometric embedding from TeichmiiUer space to the ambient 



(1.1) 
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space (M^, doo). Hence, it is quite natural to expect that any geometric property of 
Teichmiiller distance has an effect on the geometric structure of the Gardiner-Masur 
compactification, and vice versa. 

Question 2. How is the geometry of Teichmiiller distance related to the geometry 
of the Gardiner-Masur compactification (embedding) ? 

1.3. Results. The purpose of this paper is to develop the extremal length geom- 
etry on Teichmiiller space after Kerckhoff, Gardiner and Masur. Indeed, aiming 
for a counterpart for Bonahon's theory, we attempt to unify the extremal length 
geometry via intersection number. 

1.3.1. Notation. We fix the notation to give our results precisely. Let X = Xg^m be 
a Riemann surface of genus g with m punctures such that 2g — 2 m > 0. Denote 
by Tg,m the Teichmiiller space of X. It is known that the geometric structure of 
the Teichmiiller space is independent of the choice of basepoints. Especially, the 
statement of our Theorem [T] below does not depend on the basepoint. When the 
argument depends on the basepoint, we consider the Teichmiiller space 7^,m as a 
pointed space {Tg.m,,xo), where xq = {X,id). 

Let S be the set of non-peripheral and non-trivial simple closed curves on X, and 
A4T the space of measured foliations. By definition, the space AiJ^ is contained in 
the space R'^ of non- negative functions on S (cf. 522]) • 

In |13j . Gardiner and Masur proved that a mapping 

(1.2) $GAf : Tg^rn 3 y ^ [S 3 a ^ Exty{a)^/^] e PM'^ 

is an embedding and the image is relatively compact, where Exty(a) is the extremal 
length of a 6 iS on y 6 Tg,™,- The closure clGM(7^,m) of the image is called 
the Gardiner-Masur closure or compactification, and the complement of the image 
in the closure is said to be the Gardiner-Masur boundary, which we denote by 
doMTg^m- Thus, the Gardiner-Masur compactification c\cMiTg,m) is realized in 
the projective space PR;^ of R^. 

We consider the cone Cqm which is defined as the inverse image of clGA/(7^,m) via 
the projection R;^ PRf (cf. PTTj) . Notice that MT C Cgm because dGMTg,m 
contains the space VM.J- of projective measured foliations as noted in i jl.ll One of 
our aims in this paper is to define the intersection number function on Cgm- In order 
to avoid any confusion, we denote by /( • , • ) the original geometric intersection 
number function on MJ-. 

1.3.2. Unification by intersection number. Notice that the Gardiner-Masur embed- 
ding (|1.2p admits a natural lift 

(1.3) $GAf : Tg,™ 3y^[S3a^ ¥.xty[aY'^] G Cgm C 
Our unification is stated as follows. 

Theorem 1 (Unification). There is a unique continuous function 

i{-, ■):Cgm xCga/ ^R 
with the following properties. 

(i) For any y € Tg,m, the projective class of the function S 3 i{'^GM{y),Oi) 
is exactly the image of y under the Gardiner-Masur embedding. Actually, 
it holds 

i{,^GM{y),a) = Exty(a)^/^ 
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for all a Cz S. 

(ii) For a,b e Cgm, iia,b) = i{b,a). 

(iii) For a, b G Cqm and t,s >0, i{ta, sb) = tsi{a, b). 

(iv) For any y,z € Tg,m, 

i{^GM{y),^GMiz)) = exp{dTiy,z)). 

In particular, we have ?($gm(2/), ^GAiiy)) ^ I for y e Tg,m- 

(v) For F.Ge AiJ- C Cgm, the value i{F,G) is equal to the geometric inter- 
section number I{F, G). 

1.3.3. Unification by intersection number with basepoint. According to the technical 
reason, instead of Theorem [U we really prove the following basepoint- dependent 
version which is a paraphrase of Theorem [1] above (cf. HIA^ . 



Theorem 2 (Unification with basepoint). Fix a basepoint xq e Tg.m- There is an 
embedding : Tg^m Cqm and a unique continuous function 

i{- , ■)■■ Cgm x Cgm K 

independent of the choice of basepoint with the following properties. 

(i) For any y G Tg.m, the projective class of the function 5 3 a H> i{'i'xo{y), a) 
is exactly the image of y under the Gardiner-Masur embedding. 

(ii) For a,b €Cgm, i{a,b) = i{b,a). 

(iii) For o, b £ Cgm and t, s > 0, i{ta, sb) — tsi{a, b). 

(iv) For any y,z e Tg,,n, 

z(*,„ (y), ^-.0 {z)) = exp(-2(y | z),„), 

where {y \ z)xg is the Gromov product of y and z with basepoint xq with 
respect to the Teichmiiller distance dx, that is: 

{y I z)xo = ^{drixo, y) + dxixQ, z) - driy, z)). 

In particular, we have i{'^x„{y), '^xoiv)) = exp(-2dT(xo, J/)) for y £ 7^^„. 

(v) For F.G ^ M.J- C Cgm, the value i{F,G) is equal to the geometric inter- 
section number I{F, G). 

Indeed, the condition (i) in Theorem [2] follows from (|4.5p and (|5.ip . The condi- 
tions (ii) to (v) are deduced from Theorem [5] 

Actually, the embedding "^xo in Theorem [2] is defined as 

(1.4) '^xo-Tg,m3 y ^ S3a^ey.p{~dT{xt),y))-^yAy{af''^ eCgm- 
Namely, 

(1-5) "^xoiy) = exp(-dT(2:o, y)) • *GM(y) 

for all y £ 7^,m- The embedding (|1.4p is clearly a lift of the Gardiner-Masur 
embedding (|1.2p of Tg,m- One of advantages to use the embedding 'i'xo is that 'i^xg 
admits a continuous extension to c\GM{Tg.m), whereas ^gm diverges at infinity (cf. 
Proposition [XT] and (|T5)) ). 

One can easily deduce Theorem [T] from Theorem [51 Indeed, the only difference 
is the item (iv) in each theorem. From the homogeneity (iii) in Theorem [21 we have 

(1.6) ii^GM{y),^GMiz)) = cxp(dT(a;o,y)) • exp{dTixo,z)) ■ i(^'^,(y), ^-^0(2)) 

= exp{dT{y,z)) 
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Figure 1 . Cone Cg m and the images of $gm and "^xq ■ 
for y, z e Tg^m- 

1.3.4. Hyperboloid model of Teichmiiller space. We represent the situations of our 
theorems schematically in Figure [l] where the image of $gm looks like a hyper- 
boloid and that of is a section of the cone. These images touch only at the 
image of the basepoint. Indeed, for any y S Tg.m, ^GM{y) and '^xoiu) are projec- 
tively equivalent in M'^ . From (iv) in Theorem [TJ we can observe that the image 
under $gm coincides with the "hyperboloid" 

(1.7) {aeCcA/ U(o,a) = l}, 

and the boundary of the cone Cgm is represented as the "light cone" 

(1.8) {aeCcM |«(a,a) = 0} 

from (iv) in Theorem [5] and the continuity of the intersection number on Cgm (cf. 
Proposition II . 1 p . In the hyperboloid model above, the Teichmiiller distance dx is 
represented by 

dT{y,z) ^ log i{^GM{y),^GM{z)) 

from (|1.6p . 

This observation of the "hyperboloid model" might be comparable with Bona- 
hon's realization of the Thurston compactification of Teichmiiher space in the space 
of geodesic currents (cf. [5]). 

1.3.5. Extension of the Gromov product. From Theorem ^ we conclude the fol- 
lowing corollary, which confirms that the Gardiner-Masur boundary is a kind of a 
canonical boundary for the geometry of the Teichmiiher distance. 

Corollary 1 (Extension of the Gromov product for dx)- For any xq £ Tg^m, there 
is a unique continuous function 

(• I ■)x„ ■■ C^GM{Tg,m) X clGA/(7^,m) ^ [0, -|-0o] 

such that 

(1) for y,z e Tg^m, 

{y I z)xo = ^{drixo, y) + dT{xo,z) - driy, z)), 
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(2) For [F], [G] G VMT c daMTg^m, 

I{F,G) 



exp(-2([F] I [G]),J - 



Ext,„(F)i/2.Ext,„(G)i/2- 



The conclusion in Corollary[l]is somewhat surprising, because Teichmiiller space 
with the Teichmiiller distance is believed to be a metric space with less "good 
natures" for geodesic triangles. For instance, it was shown that Teichmiiller space 
is neither a metric space with Busemann negative curature nor a Gromov hyperbolic 
space (cf. [26], [29] and [31]). Thus, from Corollary [1] and Liu and Su's observation 
in [35], it is natural to ask the following problem. 

Problem 1. For any (proper) metric space, does the Gromov product extend con- 
tinuously to the product space of two copies of the horofunction compactification ? 

The affirmative answer gives a different approach to our results. 

1.3.6. Rigidity theorem for mappings of bounded distortion for triangles. Our uni- 
fied treatment of extremal length geometry in terms of intersection number enables 
us to link the geometry of the Teichmiiller distance (an analytical aspect in Te- 
ichmiiller theory) with the geometry on via intersection number (a topological 
aspect in Teichmiiller theory). 

As an application of this accessibility, we will observe a rigidity theorem for 
certain mappings on the boundary of Tg,m at infinity, which is a kind of a gener- 
alization of Earle-Ivanov-Kra-Markovic-Royden's characterization of the action of 
isometrics (cf. [TO]. [TT]. [I8] and [39]). 

Indeed, we will deal with a mapping of bounded distortion for triangles which is 
defined as a mapping uj : Tg^m ^ Tg.m satisfying 

-^{x\y)z ~ D2 < {uj{x) I w(2/))„(2) < Di{x\y)z + D2 

for all x,y,z G Tg.m and some constants Di,D2 > independent of the choice 
of points of Tg^m- A mapping uj' : Tg.m — > Tg.m is said to be a quasi-inverse of a 
mapping tu : Tg^m Tg^m if there is a constant D3 > such that 

sup {drix, u! o a;'(x)), dx^x, uj' o uj^x))} < D3. 
In H9A[ we prove the following. 

Theorem 3 (Asymptotic Rigidity). Suppose that the complex dimension ofTg^m is 
at least two. Let u : Tg^m Tg.m be 0, mapping of bounded distortion for triangles. 
Assume the following two conditions: 

(a) The map u admits a continuous extension to dcMTg^m- 

(b) The map uj has a quasi-inverse uj' which admits a continuous extension to 
doAiTg 

Then, the following hold: 

(1) The map uj acts homeomorphically on VA4J- C doMTg^n md uj' = ui^^ on 
VMT. 

(2) The restriction of uj to VM-T preserves S and induces an automorphism 
of the complex of curves. 
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From the definition, an isometry is a mapping of bounded distortion for triangles 
and lias a quasi-inverse. Furthermore, L. Liu and W. Su showed that any isometry 
extends homeomorphically on c^ga/T^,™ (cf. }22|). Hence, every isometry satisfies 
the assumptions in Theorem [3l Notice also from the definition that a mapping of 
bounded distortion for triangles is a quasi-isometry. However, the author does not 
know whether Theorem |3] holds for quasi-isometries on Tg.m- 

We remark that (1) in Theorem |3] holds when the complex dimension of T^.m is 
equal to one. In this case, (7^,m,c?T) is isometric to the hyperbolic plane, and both 
the Gardiner-Masur boundary and VAUF coincide with the boundary at infinity of 
the hyperbolic plane (cf. e.g. ^32j). Hence any quasi-isometry on (7^, dr) induces 
a homeomorphism of VAiT. However, the assertion (2) does not hold because the 
isometry group of {Tg^m, (It) acts transitively in this case. 

1.3.7. Isometries on Tg^m- In ^39J, H. Royden first observed a beautiful result that 
any biholomorphic automorphism of Tg^m is induced from an orientation preserving 
homeomorphism on X (see also Earle-Kra [10] and Earle-Markovic [11]). Since 
the Teichmiiller distance coincides with the Kobayashi intrinsic distance on 7^,m, 
Royden's result gives a characterization of certain isometries on 7^,m- In |18| . 
N. Ivanov showed that with few exception, the isometry group of {Tg,m,dT) is 
isomorphic to the extended mapping class group. 

Theorem[3] enable us to give an alternative approach to Earle-Ivanov-Kra-Markovic- 
Royden's characterization of the isometry group of (7^,m,c?T) via the Gardiner- 
Masur compactification. Namely, we show the following in §9.51 

Corollary 2 (Royden [33], Earle-Kra [T^, Ivanov [T^, and Earle-Markovic [TT]). 
Suppose that 3g — 3 + m > 2 and {g,m) is neither (1,2) nor (2,0). Then, the 
isometry group of (Tg.rmdT) is canonically isomorphic to the extended mapping 
class group. 

Actually, our proof of Corollary [2] is somewhat modelled on Ivanov's proof. We 
outline the idea of his proof. The essential part is to show that an isometric action 
on {Tg^m, dx) induces an automorphism of the complex of curves. After then, from 
a theorem by Ivanov, Korkmaz and Luo, we see that such an automorphism of the 
complex of curves is induced by an element of the extended mapping class group 
(cf. [T7], [10] and [13]). Finally, it is checked that the action of the given isometry 
coincides with the action of the element of the extended mapping class group. 

As noted before, our proof of Corollary [2] also follows the same line. However, our 
proof of the essential part above follows from Theorem [3] which holds for mappings 
of bounded distortion for triangles. Namely, we obtain the case of isometries as a 
corollary of our result. Moreover, to show the essential part above, Ivanov induces 
a self-homeomorphism of PA4J- as Theorem [3] To do this, he identifies VM-J- 
with the unit sphere in the tangent space, and defines the self-homeomorphism by 
passing the "exponential maps" (cf. the discussion after the proof of Lemma 5.2 in 
[18j). Therefore, it seems to be essential in his proof that the mapping which we 
treat is an isometry. 

Comments on the exceptional cases. Suppose first that {g,m) = (1,2). It is known 
that the canonical homomorphism from the extended mapping class group on Xi 2 
to the isometry group is neither injective nor surjective. Indeed, by Proposition 
1.3 in [1^, 71,2 admits a biholomorphic mapping to the Teichmiiller space To, 5 
of a sphere ^0,5 with five punctures which is induced by the quotient mapping 
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^1,2 ^ ^0,5 of the action of the hyperehiptic involution (double branched points 
are considered as punctures). Hence, from Corohary [21 the isometry group of 
7i,2 is isometric to the extended mapping class group Mod*(Xo,5) of Xq ^ since 
the Teichmiiller distance coincides with the Kobayashi distance. Therefore, the 
canonical homomorphism from the extended mapping class group Mod*(Xi^2) to 
the isometry group of 7i,2 is not surjective (cf. Corollary 3 in §4.3 of [TO ). By a 
theorem due (independently) to Birman and Viro, the hyperehiptic involution of 
Xi^2 fixes every non-trivial and non-peripheral simple closed curves on Xi_2 (cf. 
[3]). Hence, the hyperehiptic involution acts trivially on 71.2 and the canonical 
homomorphism is not injective (cf. [lOj). 

When {g,m) = (2,0), any automorphism of the complex of curves induces a 
homeomorphism on X2fl. However, the hyperehiptic involution fixes every non- 
trivial simple closed curves on ^2,0 and hence the action of the extended mapping 
class group is not faithful (cf. e.g. > j9.5.2p . In fact, it is known that the hyperehiptic 
involution generates the kernel of the canonical homomorphism. 

Comments on the characterization of biholomorphisms. The problem to charac- 
terizing isometrics and biholomorphisms are formulated for Teichmuller spaces of 
arbitrary Riemann surfaces. In the case where the Teichmiiller space is of infinite 
dimensional, Earle and Gardiner [2] gave the adjointness theorem which asserts 
that any C-isometry between the tangent spaces of Teichmiiller spaces induces a C- 
isometry of spaces of holomorphic quadratic differentials of corresponding Riemann 
surfaces. Earle and Gardinar also obtained that the characterization for Riemann 
surfaces of topologically finite type. In (211, N. Lakic obtained the characteriza- 
tion for Riemann surfaces of finite genus. Finally, in 24 , Markovic settled the 
characterization for biholomorphisms of Teichmuller space of arbitrary Riemann 
surfaces. 

1.4. Plan of this paper. This paper is organized as as follows. In §|J2] and [3l 

we recall basic notions in Teichmuller theory and known results for the Gardiner- 
Masur compactification. Especially, we will recall a continuous function £p on AiJ- 
associated to p G clGM(7^,m) (cf. [33])- Notice that the function £p is dependent 
on the choice of the basepoint xq G 7^,m- Namely, £p = 8^° (cf. ij3.ip . 

In S|4l we define the cones which are essential objects in this paper. We also define 
the (topological) models of cones, and canonical identifications between cones and 
their models. By definition, the model of the cone canonically contains c\GM{Tg,m) 
(cf. §4.2p . We use such models when we develop an argument which depends on 
the choice of the basepoint of Tg.m- 

From ij5]to fJSl we devote to define the intersection number on the cone Cqm- 
The strategy to define the intersection number on Cqm is simple : We first recognize 
the value £p{F) as the intersection number between p G clGA/(7^,m) and F G 
and then, we extend it to the product Cqm x Cqm- 

In !JS1 we define the extremal length Ext^" ( • ) and the intersection number 
ixo{- 1 • ) associated to the basepoint xo on a part of the models. The definition of 
this "new" extremal length is motivated by Minsky's inequality (cf. (|2.6p ). Namely, 
from Minsky's inequality, we have the following formula 



(1.9) 



Extj,(G) 
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for G e Unfortunately, the equation (|1.9|) can not be adopted as the defi- 

nition of the extremal length for measured foliations because the right-hand side 
is calculated by using the extremal length. However, for extending the extremal 
length on our cone Cqm, we will adopt the formula (jl.9p . Thus, we first define the 
intersection number between elements of Cga/ and measured foliations (i jS.ip . and 
after then, we define the extremal length for elements of Cgm on marked Riemann 
surfaces (i i5.2|) . 

The definitions of our extremal length function and intersection number function 
given in the previous paragraph depend on the choice of the basepoint. Hence, our 
discussion will be given on the models defined above. It might look to be awkward 
because our main result, Theorem [l] is independent of the choice of basepoint. 
However, because our function £p, which is a basic object in the starting point, 
depends on the choice of the basepoint, we are compelled to begin with a basepoint- 
depending argument. Actually, later on, our intersection number and extremal 
length will be shown to be intrinsic in the sense that each of them is represented as 
the composition of a function on the cone and the identification between the cone 
and the model defined in g] (cf. gSSland E^)- 

In fj6l we discuss the topology of models of cones. The cone is locally compact 
and metrizable. Furthermore, we see that the extremal length function is a proper 
function (cf. Proposition l6.1|) . We also give a system of neighborhoods which will be 
used for showing the equicontinuity of the family of continuous functions discussed 
in g2](cf. ES). 

In §S}7]and|8l We will obtain the intersection number on the cone by extending 
the functions defined in the previous sections. In the beginning of ^ we define 
SriiC) where C and i] are in a part of the model of the cone. The function SniC) is 
an extended notion of the function £p which we noted before (cf. (|7.1I) '). In i )7.11 we 
notice a relation between our function Sr/iC) and the Gromov product for cIt (cf. 
()7.3|) ). As discussed above, we will show that the family {f,,},, is a normal family of 
continuous functions on a part of the cone in §7.21 Indeed, our intersection number 
is defined as the limit of such a normal family in t j8.ll The proof of the extension 
is completed in i j8.2l bv checking that the intersection number is intrinsic. We will 
prove Corollary [T] in ^8.3\ 

In the final section ijH we prove Theorem [3] and give an alternative approach to 
Earle-Kra-Ivanov-Markovic-Royden's characterization in Corollary[2] The strategy 
to prove Theorem 13] is to investigate the null space Af{a) for a G Cgm (cf. ij9.2l) . 

From Corollary [TJ when a mapping u of bounded distortion for triangles admits 
a continuous extension to dGMTg^m, we observe that for p,q ^ dGAiTg.m, the inter- 
section number between p and q is zero if and only if so is that between uj{p) and 
uj{q) (cf. Proposition 19. 2p . We will also characterize uniquely ergodic measured 
foliations (in Cgm) in terms of their null spaces (cf. i i9.3.1|) . Using the observa- 
tion and the characterization, we deduce that uj induces a self-homeomorphism of 
VMT, which implies (1) of Theorem [3] (cf. gEJ]). In the proof of (2) of Theorem 
[31 the author is impressed with that in Theorem A in Ivanov |18j . 

In the last section, we will discuss the hyperboloid model on Teichmiiller space 
with the Teichmiiller distance. 



2. Teichmuller theory 
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2.1. Teichmiiller space. The Teichmuller space Throughout this paper, we fix a 
Riemann surface X of analytically finite type (g, m) with 2g — 2 + m > 0. The 
Teichmuller space Tg.m of Riemann surfaces of analytically finite type (g, m) is the 
set of equivalence classes of marked Riemann surfaces (Y, /) where 1" is a Riemann 
surface and f : X Y a quasiconformal mapping. Two marked Riemann surfaces 
(Yi,/i) and {Y2, f2) are said to be Teichmiiller equivalent if there is a conformal 
mapping h : Yi ^ Y2 which is homotopic to /2 o fi ■ 

Teichmiiller space 7^,m has a canonical complete distance, called the Teichmiiller 
distance dx, which is defined by 

(2.1) dT{yi,y2) = ^ loginf{ivr(/i) | h is q.c. homotopic to /2 o f~^} 

for yi = (Yi, fi) e Tg^m {i = 1,2) and K{h) the maximal dilatation of h. The 
Teichmiiller distance has the geometric representation called Kerckhoff's formula 
which we recall in ij2.4l 

Convention 1. As we noted in Introduction, in some part of this paper, we will 
give a basepoint-depending argument. For instance, our function £p defined in 
is determined up to mulitiplications by positive constants, which depends on the 
choice of the basepoint. Unless otherwise noted, throughout this paper, we consider 
xq — {X, id) e Tg^m as a basepoint. 

2.2. Measured foliations. Denote by R+ ®S the set of formal products to where 
i > and a e S. The set M+ (g) 5 is embedded into M.^ by 

(2.2) 'R+®S3ta^[S3 P^tI{a,l3)]eM.%, 

where /( • , • ) is the geometric intersection number. We topologize with the 
pointwise convergence. The space M.T of measured foliations on X is the closure of 
the image of the mapping (|2.2I) . The intersection number of any two weighted curves 
in M-|_ 5 is defined by I{ta,sf3) — tsl{a,l3). It is known that the intersection 
number function extends continuously on AiT x AiJ- (cf. [37j). 
The positive numbers M>o acts on R*^ by multiplication. Let 

(2.3) proj : - {0} ^ PR^ - (Mf - {0})/R>o 

be the quotient mapping. The space of projective measured foliations is 

defined to be the quotient 

VMT = proj(X J- - {0}) = {MF - {0})/R>o. 

It is known that MT and VMT are homeomorphic to M69-6+2n ^nd 5'69-7+2n 
respectively (cf. [7J. 

2.3. Extremal length. For y = {Y, f) G Tg.m and a € S, the extremal length of 
a on y is defined by 

(2.4) Extj,(a) = l/sup{Mod(A) \ AdY and the core is homotopic to /(a)}, 

A 

where Mod(A) is the modulus of an annulus A, which is equal to (logr)/27r if A is 
conformally equivalent to a round annulus {1 < \z\ < r}. 
For ta e M+ ® <S, we set 

Ext,y(to) = t^Extj^(a). 
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In [19] , Kerckhoff showed that the extremal length function extends continuously 
on M.J- . Let 

(2.5) A^J-i = {i^eXJ-| Ext:,„(F) = 1}. 

The extremal length of measured foliations satisfies the following inequality, which 
is called Minsky's inequality: 

(2.6) I{F, Gf < Exty(F) • Extj;(G') 

for all y G 7^,m and F,G ^ M.T (cf. [55]). Minsky's inequality is sharp in the sense 
that for any y £ Tg^m and F G MJ- — {0}, there is a unique G G MJ- — {0} up to 
positive multiple such that 

(2.7) I{F, Gf = Exty(F) • Ext;,(G'). 

Furthermore, such a pair F and G of measured foliations are realized by the hor- 
izontal and vertical foliations of a holomorphic quadratic differential on a marked 
Riemann surface y, and vice versa (cf. |13jV 

2.4. KerckhofF's formula. In 19 , Kerckhoff also observed that the Teichmiiller 
distance is represented by the following formula: 

„x , / ^ 1 , Ext„(F) 1 , Ext„(F) 

2.8 dT\y,z) — -\op sup — — —, — f = -log max — — ' , . 

^ ' ^yy^ I 2 *^^eA4/-{o}Ext,(F) 2 *^feAi^i Ext,(F) 

In fact, for any yi,y2 G Tg.m, there is a unique pair {F,G) of measured foliations 
in AiFi such that 

(o q] E^ty, (F) ^ Ext.y,(G') ^ 2dTiyuy2) 

^ ■ ^ Ext,,(F) Ext,,(G) 

3. The Gardiner-Masur closure 

In this section, we recall basic properties of the Gardincr-Masur closure. In §3.11 
below, we assign a continuous function £p on A4J- to all point p in the Gardiner- 
Masur closure. As noted in Convention [U the function £p depends on the choice 
of basepoint xq. When we emphasis the dependence, we write 6^° instead of £p. 
As we will observe in Proposition 18.11 later, the value £p{F) is recognized as the 
intersection number between p and F G A4F associated to xq (see also i )5.1[) . 

3.1. Function £p. For y & Tg m, define a continuous function £y — f^" on MF 

by 

•Ext,(^^)^^/^ 



(3.1) £yiF)=£'^o^F) 



Ky 



where Ky = exp(2dT(a;o, y)). In ^33j, the author showed that for any p G dGAiTg^m, 
there is a continuous function £p on A4F such that 

(El) the projective class of the assignment S 3 a ^pi*^) is equal to p; 
(E2) if a sequence {j/nlj^i converges to p G clGM(7^,m), there are to > and 
a subsequence {y„^ }j such that £y^ . converges to to £p uniformly on any 
compact set of A4F. 

Notice that from Observations (El) and (E2), the function £p is projectively deter- 
mined. Namely, for alH > and p G dGAiTg^m, the product t£p also satisfies (El) 
and (E2) above. We first sharpen the condition (E2) above as follows (cf. [55] ) 
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Proposition 3.1. For any p G dGAiTg^m, one can choose £p appropriately such 
that a function 

c\GM{Tg,„^) X MF 3 {p,F) ^ £p{F) 

is continuous. 

Proof. We normalize £p such that 

(3.2) max £„(F) = 1 

(cf. (123])). Notice from that uiaxpeMTi £yiF) = 1 for all y G Tg,ra. Let 

{yn}^=i be a sequence that converges to p G dcMTg^m- From the condition (E2) 
above, there are a subsequence {ynj}j and to > such that £y^, converges to to£p 
uniformly on any compact set of A4F, and hence 

1 — max £y (F) — > tn max £r,{F) — tn. 
This implies that £y^ converges to £p on any compact set of MF. □ □ 

Convention 2. In what follows, we normalize £p as in p.2|) for all p G daAiTg^m- 
3.2. Properties of £p. Here we give some properties of £p. 
Lemma 3.1. For G G AiF, we have 

I{F,G) 
^[«l^^)-Ext.„(G)V2 

for all F eMF. 

Proof. By definition, there is a positive number to such that £[q] (F) = to I{F, G) 
for aU F G MF. By (P?7)) . we obtain 

1= max £,G.(F)^to max I(F,G) ^ toExt^JG)^/^ 

(cf. Convention [2]), and we are done. □ □ 

The following is proven in |35] . However, for completeness, we shall give a proof. 

Proposition 3.2. For p G cl(3jv/('7g,m)> the following are equivalent. 
(!) p G dcAiTg.m; 

(2) there is an F E MF - {0} with £p{F) = 0. 

Proof. By applying Minsky's inequality, one can easily see that for y G 7^,,„(X), 
£y{F) = if and only if F = 0. Therefore, (2) implies (1). 

Conversely, let {yn}^=i be a sequence converging to p G dcMTg.m- Then, by 
a theorem of Bers [2 , there is a curve a„ G 5 such that Extj,,^(a„) = 0(1) as 
n oo. By taking a subsequence if necessary, we find t„ > such that i„a„ — 
F G A^J" - {0}. This means that tn — 0(1) since Ext^ro (*«««) ^ Ext:ro(F) and 
Exta;o(an) is bounded below by a uniform positive constant. From the property 
(E2) above, we have 



as 71 — OO and we are done. □ □ 
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4. Cones Cgm, Tgm and Ogm 

4.1. Cones. Define 

(4.1) Cgm - proj-^(clGAf(rg,„0) U {0} C R% 

(4.2) Tgm = proj-i(rg^„)U{0}cMf 

(4.3) Bgm = pmr^dGMTg^m) U {0} c Cga/ C 

We topologize Cga/, Tgm and 9gm with the topology induced from M.'^. Notice 
that MJ- is contained in Bgm as a closed subset since PMJ- C dGAiTg^m- In 
particular, from the definition, any G G AiJ- is nothing other than an assignment 

(4.4) S 3 I{a,G). 

We define an embedding -^^^ : c\GM{Tg,m) Cgm by 

(4.5) : clGAf(7;,™) 3p^[S3a^ fp(a)] e Cga/- 

By definition, the embedding (|4.5I) is a lift of the embedding (jl.2p . However, it 
depends on the basepoint a;o. 

4.2. Models of Cga/5 Tgm and 9ga/- We define models of cones by 

MCgM =- c\GM{Tg.rn) X R+ / {cIg M {Tg ,m) X {0}) 

MTgM = Tg.rn X M+/(7;,™ X {0}) 

M9gA/ = dGMTg.rn X M+Zl^GAfTg,™ X {0}) 

MF = -PA^J- X R+/{PMT X {0}) 
MFi =VMTx {!}. 

By definition, MCga/ is a union of MTga/ and MOgm- Furthermore, MFi C MF C 
M9gA'/ since VMT C dGMTg.m- In this setting, we often identify clGAf (7^,m) with 
the slice clGAf(7^,m) x {1} of MCga/- 

We abbreviate the point {p,t) S MCgat to tp. We denote Ip hy p for the 
simplicity. For s > and ^ = tp G MCgm with t > and p G clGA/(7^,m), we define 
the multiplication by 

sC = {st)p. 

From Proposition 13. 1[ the embedding (|4.5I) is continuous. Therefore, we have a 
continuous bijection 

: MCgm ^ Cgm 

by 

(4.6) ^xoitp) = ^xo{p,t) = t ■ *,„(p) = [S3a^ tSpia)]. 
By definition, ^f^o is homogeneous: 

*,„(tC)=i*.o(C) 

for t > and C G MCgat- Since cIgat (7^,m) is compact, R+ is locally compact and 
Cgm is Hausdorff, the bijection "^^o is a homeomorphism. It follows from Lemma 
Othat 

(4.7) ^-..olsl^]) = sExt,„(F)-i/2 .FeMT 
for s[F] g MF and hence §a;o(MF) = MT. 
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Lemma 4.1 (Image of MFi). For [G] e MFi, we have '^xo{[G]) e MFi C dcM- 

Proof. From Lemma [STTl the projective class [G] G MFi corresponds to the assign- 
ment 

/(«,G) 
Ext,„(G)i 

Therefore, we deduce from (1331) that ([G]) e XJ^i. □ □ 



(4.8) S3a^ = / (a,Ext.„(G)-i/2 . G 



Remark 4.1. From the identification (|4.6p . we can recognize Cqm, Tgm and doM 
as cones with slices clGM(7^,m), Tg.m and doMTg^m, respectively. Notice that this 
identification depends on the choice of the basepoint xq , because so is the embedding 
"ifxo in ^M- 

5. Intersection number and Extremal length associated to a point 

In this section, we define the intersection number on MCqm x MF and the ex- 
tremal length for elements in MCqm associated to the basepoint a;o. We will extend 
the intersection number given here to the whole MCgm x MCgm in ^8.11 



5.1. Intersection number associated to the basepoint. For ( ^ tp E MCqm 
(t > and p S clGA/(7^^m)) and rj G MF, we define the intersection number associ- 
ated to the basepoint xq by 

(5.1) i,o(C,??)=z.o(tp,r;)=ifp(t',„(7/)) =t£;«(^^M)- 



The intersection number (|5.1[) depends on the basepoint xq. Indeed, By (|4.7p . we 
have 

(5.2) z,„{ty,s[F]) = t£y{^,MF])) 

■Ext,(sExt,„(F)-i/2.F)l'/' 



= t 



Ky 



ts ■ e 



f ExtyjF) 



for ty e MTgm and s[F] e MF. 

By (|4.6p . C S MCgm corresponds to the function 

(5.3) S3a^t.,„{C,^~,\a)) 
in Cg m via '^xo ■ From Proposition 13.11 the assignment 

MCgm x MF 9 (C, 77) ^ *xo(C, ?/) 
is continuous. Furthermore, the intersection number (|5.ip is homogeneous since 

ixoisiC, S2V) = ixo{{sit)P, 3211) = {sit)£p{^ ^^„{s2i)) 
= S1S2 ■ t£p{-^.j;g{r])) = siS2ix„{C,v) 
where si, S2 > 0, C = with t > and p G clGA/(7^,m), and rj G MF. 

Proposition 5.1 (Intersection number on MJ-). The intersection number function 
(j5.ip coincides with the original intersection number function on M.J- x M.J- via 
^xo- Namely, when G — '^xoiQ) and F = ^'^.^(ry) with CtV ^ I^F, 

txo{C,v)=IiG,F). 
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Proof. Notice from (gj]) that C = ^^^^HG) = Ext:,o(G)i/2 . [G]. By Lemma EH we 
have 

*.o(C,'7)=*.o(Ext,„(G)i/2.[G],,7) 
-Ext,„(G)i/2f[^,(^,^^(,,)) 
-Ext,„(G)i/2fjg,(F) 
= /(G,^^), 

which implies what we wanted. □ □ 

5.2. Extremal length on MCqm associated to the basepoint. For ( e MCgm, 
we define the extremal length of on ty G MTgm associated to the basepoint xq by 



(5.4) ga:C(C) =^'- max '""(^'^^^ ^ . sup . 

^ "SMFi Extj,(*,„(?7)) FeMF-{o}Extj,(*,„(7])) 



As noted in §f .41 this definition is given by the imitating the formula ()f .9p . By 
definition, fxt ^ ° ( • ) is homogeneous and satisfies 

(5.5) ^.oiCvf < £xtl«{C)-Exiy{^,,{v)) 

for all y G 7^,nx, C £ MCga/ and ?y £ MF. Since MFi is compact, for every ( e 
MCgm, there is an 77 e M F - {0} such that 

txt,y(Q-t Ext,(vl/.„(r;)) 

or 

(5.6) ^.oiCv)' = £<,"(C) •Ext,(vE',„(77))- 
5.2.1. Basic properties. We can easily see the following. 

Lemma 5.1. For y g Tg^m, the following two properties hold. 

(1) For ty, sz £ MTgm with t,s > and y, z G Tg.m, 

£xtf^{sz) = t^s^ exp(-2dT(a;o, z) + 2dT{v, z)). 

(2) For C G MF and y Tg^m, 

£xi^"(C)=Ext,(^',,(C)). 
Proof. (1) Since — exp(2(iT(a;o, z)), from Kerckhoff's formula, we have 



£xt--{sz) = e- sup ^^4^i4^=i2,2 

,7eMF-{0} Extj^ (*;:,„ (77)) f.g^;p_{o} ifzExtj/(F) 

— t^s^ exp(— 2c?T(a;o, 2^) + 2dT(y, 2:)) 



(2) This follows form Proposition 15.11 and the sharpness of Minsky's inequality. 

□ □ 

We notice the following non-triviality of extremal length (15. 4p . 

Lemma 5.2 (Non-triviality). Let C e MCgm- If £xty°{C) = for some y G 7^,m, 
then C = 0. 
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Proof. Take i > and p G clGM(7^,m) with C = tp. Suppose £xty°{() = 0. From 
(|5.ip . we have 

= fxC(C)= sup ^-(£lZ^= sup id^-.aMl 



77GMF-{0} Exty(*j,j,(7])) ,,eMF-{0} Extj^ (j])) 

sup MDL^ su 
i=^eA4Jc--{o} Extj^(F) FeMT-{o} Ext,y(i^) 

Therefore, we obtain 

t£p{F)=0 

for all G MJ- — {0}. On the other hand, since p G clGAf(7^_m), £p{a) ^ for 
some a G 5, and we get t = 0. Therefore, ( = tp = 0. □ □ 

5.2.2. Continuity. Notice that the extremal length given in (15. 4p satisfies the dis- 
tortion property: 

(5.7) e-^'^^^y^-y'^Sxt^iO < Sxtiiio < e^'^-^^y^'y^'^Extiiic) 

for 2/1,2/2 G 7^,m and C G MCgm. Indeed, since ^xaifl) G A^-^ for r/ G MF, we have 

Ext,, (*,„(,?)) > e-2<iH.i,..)Ext,,(#,„(r;)) 
for all ?7 G MF. Therefore, we obtain 

fxC(C)= sup '""^^J'^^' 

,,eMF-{o} ^yAy^{^ x„ijl)) 

< g2dTfol.y2) g^p »^q(C?])^ 

r,GMF-{0} Extj^i(§a;o('?)) 

Lemma 5.3 (Continuity). The function 

(5.8) MTgm X MCgm 3 (^2/, C) ^ ^^tty (0 
zs continuous. 

Proof. When a sequence {Cn}^i in MCgm converges to converges to £q 

uniformly on any compact set of AdJ-. This means that 

MCGM3C^£xt^t'y{0 

is continuous for ty G MTgm- The distortion property (j5.7p implies that the func- 
tion (15.81) is continuous. □ □ 



5.3. Extremal length is intrinsic. From (2) of Lemma 15. 1[ the extremal length 
given in (j5.4p is an extended notion of the usual extremal length for measured 
foliations. Indeed, the extremal length is intrinsic in the following sense. 

Theorem 4 (Extremal length is intrinsic). For y G 7^,m, there is a continuous 
function 

Extj, (•) :Cgm 

such that 

(1) £xty{() = Exty o *a;(C) for C G MCgm and x G Tg,m, and 



18 



HIDEKI MIYACHI 



(2) For F £ MJ- C Com C M"^, the value Extj,(i<") is equal to the original 
extremal length of F which is defined by the extension of the extremal length 
(EH) on S. 

Remark 5.1. From the property (2) in Theorem^ the extremal length obtained 
in Theorem is a continuous extension of the original extremal length on M.T . 
Thus, the author believes that no confusion occurs when we use the same symbol to 
denote the extension of the extremal length in Theorem 

Proof of Theorem^ We only check the existence and the property (1) because the 
property (2) follows from Lemma l5.ll 

Let xi,x2 G Tg.m- Let s > and z,w £ 7^,m- Suppose that '^xAtz) — 
'^X2{sw)- This means that 

for all a G 5. From the injectivity of the Gardiner-Masur embedding (|1.2p we have 
z = w (cf. Lemma 6.1 in |13j). Hence 

(5.9) t = sex]i{dT{xi, z) — dT{x2, z)). 
By Lemma |5. 11 we obtain 

£xtl^{tz) = t^ eyiY>{-2dT{xi,z) + 2dTiy,z)) 

= exp(2(iT(a;i, z) - 2dT{x2,z)) ■ exp{~2dT{xi, z) + 2dT{y, z)) 
= cxp{-2dTix2, z) + 2dT{y, z)) 
^£xt^^sz) = £xt^y^{sw). 

Therefore, there is a function Extj, : Tgm ^ ^ such that 

(5.10) Exty(o) = £xt^y« o {^,„)-\a). 

for all a S Tgm- From the continuity of £xty° on MCqm and on Cqm, the 
function Ext^ in (|5.10l) extends to whole Cqm and Equation (|5.10p holds for all 
a e Cgm- □ □ 

6. Topology of MCgm 

Notice that clGA/(7^,m) is metrizable (cf. [33J). Since Tg,m is separable, so is 
clGM(7^,m)- Since clGAf(7^,m) and IR+ are locally compact, from the identification 
(|4.6p . MCgm and Cgm are locally compact, separable and metrizable. 

6.1. Bounded sets are precompact. We shall begin with the following propo- 
sition. 

Proposition 6.1 (Boundedness implies compactness). For any R > 0, 

MCgm{R) = {Ce MCgm \ £xt2{0 < R} 
is a compact set in MCgm- Furthermore, the level set 

{CeMCGM\£xt2iC) = i} 

coincides with c\GMiTg,m) x {!}• 1^ particular £xt^°{(^) = 1 for C G MFi. 
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Proof. By definition, 



SxtZiO^ sup .^£«i^^ = sup. ^ ^ 



^eMF-{o} Ext^(,(^;j;,(77)) aes Ext^o(a) 
Hence, the condition £xt^° {() < R impHes that 

*xo(C,*^o'(«))<i?'/'Ext,„(a)i/2 
for aU a G 5. By Tikhonov's theorem, the product of closed intervals 

n[0,i?'/'Ext,„(a)i/2] 

is compact in M"^. From (|5.3I) . the image of MCGAf(i?) by ^'a;o is contained in the 
above product. Thus, by Lemma MCgm{R) is closed and hence compact. 
We next discuss the second claim. From (1) of Lemma [5.11 

£xtll{y) = exp(-2rfT(2:o,2/) + 2dT{xo,y)) = 1. 

for y G Tg,m- From the continuity of extremal length, the image of clG7v/(7^,m) is 
contained in the level set. 

Let C e MCgm with f a;t^°(C) = 1- By LemmaHH C 7^ 0. Take p G cIgmIT^,™) 
and i > such that ^ = tp. Notice that i^oCC; v) = "i-xoiPj v) holds for all 77 G MF. 

Since 

1 = £xt:iiC) = SxQitp) = i^fa^t^^b) = <^ 
we have ia;„(C,7]) = ixoiPTV) all 77 G MF and hence C — P- This means that 

C e cW(rg,™). □ □ 

6.2. A system of neighborhoods. Let C e MCgm - {0}, ^ G MF and S > 0. We 

define 

C/5(C:0 = {'7e MCgm | - *.o(C,e)l < f^t^°(C)'/'f^C(0'/''5} 

UsiO: = {V e MCgm \ ixMO < Sxt^iO'^^S}. 
Notice that 

UsiC- tO^UsiC- 

for i > and C, C e MF with £, ^ 0. We define 

UsiC) = n^eMF-mUsiC ■■ 0- 

We start with the following lemma. 

Proposition 6.2. Let S > and C G MCgm- Then 

(1 - S)£xt2{Cy/' < SxtZir^y/' < (1 + 5)£xtZiCy/' 

for rj€ UsiC). 

Proof. From (|5.6p and Proposition 16. 1[ we can find ^ G MFi such that 

^xJ,C,0' = ^2:i^°(C) • £^t:iiO = £xi^°(C). 
By (|5.5p . for ?/ G ?75(C), we have 

£-a;t^°(C)i/2 = 7.„(C,e) < ^xoiv,C)+£xtZiC)'^'S < SxiZiv)"^ + £xt2{0"H 
and hence 

il~5)£xt2iC)''^<£xtl°M"\ 
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Similarly, we take ^ G MFi with i{f],£,f = £xill{ri)Extll{S,) = £xtll[ri). This 
means that 

£xtii{j^Y'^ = < ^.oico+£^t2icr^H < sxt^icy/'+ExQicy/'s, 

and we are done. □ □ 

We claim the following (compare Lemma 4.1 of [33|. See also [19]) . 

Lemma 6.1. Let ^ G MCgm- For any 5 > 0, Us{C) is an open neighborhood of 
with compact closure. Furthermore, we have that ns>QUs{C) = {C}- 

Proof. It is clear that C G Us{C) for all 6 > 0. To check that Us{C) is open, 
we suppose on the contrary that there is a sequence {CnjJ^Li in the complement 
MCgm \ Us{C) which converges to (. For any n, there is ^„ G MFi such that 

(6.1) N.o(Cn,en) -*.o(C,en)| > (C)^/'Ext,„ (^O'/'-^ = Sxt^iO'^^S. 

Since MFi is compact, we may assume that ^„ converges to £ MFi. Since 
Cn C as n — s> oo, by Proposition 13.11 ixoiCn, •) — ° ^2:o(') converges to 
*a;o(Coo7 " ) = ^Coo ° ^xoi ' ) Uniformly on any compact set of MF. From ()6.ip . we 
have 

= N.oCCCoo) - *xo(C,eoo)l > ExtlliCf'^S > 0, 

and we get a contradiction by Lemma [5.21 Hence Us{C) is open. By Lemma [6.21 
UsiO is contained in MCgm((1 + S)£xt'^l{C)). Therefore, by Proposition IBH the 
closure of Us{C) is compact. 

To show the remaining claim, we only treat the case C 7^ 0- The other case is 
dealt with the same manner. Suppose that ry G Us{C) for all 5 > 0. By definition, 
we have 

\ixo{v,0-ixo{C,0\<£^t2{0'^'s 

for all f G MFi and (5 > 0. This means that ixoiv^O = *a:o(CiC) for all ^ G MFi and 
ri = C. □ □ 



7. The Gromov product and an extension of 
For T] — ty & MTgm and ( G MCgm, we define 

r £xt''°(C) 1 "^^^ 

(7.1) g,(C) = I I =t-cxp(-dT(xo,2/))-f^C(C) 

After identifying MF and A4J- via ^'^n, by Lemma [5.1) the function £y in ()7.ip 
is recognized as an extension of the function (13. ip to MCgm- By definition, the 
function (j7.1l) satisfies the homogeneous property 

(7.2) s^^^tC)=st-l^-^^j ^st-£y{C). 
for G MTgm, i > and C G MCgm- 
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7.1. The Gromov product for dr- Notice from Lemma lOI that 

(7.3) £sy{tz) = st ■ exp(-dT(a;o, + driy, z) - drixQ^y)) 

= st ■ cxp(-2{y\z)^„) 
for sy,tz G MTga/ where (y | z)xq is the Gromov product 

{v\z)xo = ]^{dT{xo,z) + dT{xo,y) - dT{y,z)) 
with basepoint xq. In particular, we have the foUowing symmetry 

(7.4) 8sy{tz) = £Usy) 
for sy, tz G MTga/- 

7.2. Equicontinuity. The foUowing was observed for the extremal length fmiction 
on X J" in [33 . 

Proposition 7.1 (Equicontinuity). The family {£y\yeTg ,„ equicontinuous 
family of continuous functions on MCqm- In fact, for 6 > and G MCgm, we 
have 

(7.5) ISyiO^SyMl < ms.x{l,£xt2iCy/'}6 
for all rj G UsiO and y G Tg,m- 

Proof. We first assume that C, ^ Q. There is ^ G MFi such that ixo{£.,C) = 
£xtl"{S,Yl^£xtl'>{0''l^ (cf. HESl)). Therefore, if 77 gC/5(C), 

£xtl<^ {e'^£xtl^ (C) - (^, C) < (e, C) + (0^ 

< £rf^''(e)'/''5^^C(^)'^' + ^^C(C)'/''5. 

Hence we get 

f<(C)^/^<£xi-(ry)V2 + gi||5 

(7.6) <fxt^«(77)i/^+Xy^fxC(C)<5, 

since fxt^''(0 > K-^£xtll{0 = A^^ (cf. 

We also take e MFi with i:,o(e',r/) £xtl''{(,'Y/'^£xtl°{f^Y/'^ . Then, 

frf^°(r)'/'fxt^°(^)'/' = *xo(?',77) < ix,,{£,' X) + £xtll{(:)5 

< £xtl''{0^/^£xtl''{Cf'^+£xtll{Cf'H. 
Hence, by the same argument as above, 

(7.7) £xtl''{i^f'^ < £xtl^{CY/^ + Kl'^£xt2{CY/^5. 
Thus, dZH) and 

(7.8) \£xtl\^fl^-£xtl^'{0"^\ < Kl'^£xtll{Cf/H. 

Suppose C = 0. If we take G MFi with ixoivX') = £xtl''{CY''^£xtl'>{r]f/^, 
then, 

£xtl°{i'Y'^-£xtl»{^)''^^i^,Xv,a<5. 
Therefore, we conclude 

(7.9) \£xtl^(rif" - £xtl^{C)'''\ = £xtl^{^) < j^^J^, < Kl'H. 
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Thus, dLl and implies ^M- ^ □ 

8. An extension of the intersection number 
The purpose of this section is to show the fohowing theorem. 

Theorem 5 (Intersection number on Cqm)- There exists a unique continuous func- 
tion 

(8.1) i(-,-) :Cgm xCgm 

independent of the choice of basepoint xq satisfying the following properties. 

(1) For any ?7 £ MCgm, 

In particular, we have 

t (ty), (sp)) = ts e-'^-(^-^)Ext, (p))'/' 
=*(M',„(p),F)=£:p(F) 

for Xq, y e Tg^m, P G dcAiTg^m, F £ MT and t,s>0. 

(2) i{a, b) = i{b, a) for o, b e Cqm- 

(3) i{sa, tb) = st ■ i{a, b) for s,t>0 and a, b G Cgm, 

(4) For xo,y,z 6 Tg,„i, 

I (y), (z)) - exp(-2(i/ 1 z), J. 

(5) The self-intersection number satisfies 
t"^ exp{~2dT{xo, y)) if (ty) e Tgm 



i{a, a) 



for xo G Tg.m- 
(6) ForF.Ge MTcCgm, 



ifaedcM- 



iiF, G) = I{F, G) 

where we recall that the intersection number in the right-hand side is the 
original intersection number function on M.T x M.T . 

Corollaries. Before proving Theorem[5l we give two coroharies as fohows. The first 
corohary tells us that the formula (|1.9p holds for arbitrary elements in Cgm. 



Corollary 3 (Intrinsic representation of extremal length) . For y e Tg.m and a € 
Cgm, we have 

(8.2) Exty(a)= sup *("'^)' 



Proof. Notice that in the definition ()5.4p of the extremal length, the measured 
foliation F in the numerator in (|5.4p is taken in MF — {0} C MCgm- Therefore, by 
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Theorem m for a e Cgm, we have 

Ext,(a)=fri^''o^'-J(a) 

— sup — — — — — 

sup 

where F in the supremum above runs over all F G AAJ- — {0} C Cqm, and the 
extremal length in the denominator is defined in Theorem 21 □ □ 

The second corollary tells us that our intersection number has an expected prop- 
erty. Namely, Minsky's inequality (|2.6p holds for elements of Cgm- 

Corollary 4 (Minsky's inequality). For x G 7^,m arid a, b G Cgm, we have 

(8.3) i{a, b)2 < Ext:r(a) Ext^(b). 

The equality holds if the projective classes of o, x and b are on a common Te- 
ichmiiller geodesic in this order. 

Proof. Suppose that a, b G Tgm- Take ty.sz G MTgm with a = ^xo{ty) and 
b = ^'a;p(sz). Then, by Lemma |5.1[ we have 

i{a,b)^ ^ix„{^x,{ty),^,„{sz))^ ^th^ix„{^x,{y),^x,{z))^ 

= t^.s^ exp(-4(y I z)^ J 

= t^s^ exp(2dT(2/, 2) - 2dT{xQ,y) - 2dT{xQ,z)) 

(8.4) < t^s^ exp(2dT(a;, y) - 2dT{xo, y)) ■ e-Kp{2dT{x, z) - 2dT{xo, z)) 
= t^s^£xtl''{y) ■ £xtl°{z) = Sxtl°{ty) ■ £xtl\sz) 

= Ext:,(a) •Ext^(b). 

Since Tgm is dense in Cgm, we have the desired inequality. 

Suppose the projective classes of a, x and b are on a common Teichmiiller geodesic 
7 : R ^ Tg.rn in this order. We may assume that a, b G dGMTg.m since intersection 
number and extremal length are homogeneous. The other cases can be treated in 
the same manner. From the assumption, we may choose 7 such that ^(t) a and 
7(— t) — >■ b when t ^ 00. Therefore, from (18.41) we have 

*(7W, 7(-i))' - Ext,(7(t)) • Ext,(7(-i)) 
for sufficiently large t > 0. By letting t ^ 00, we get the equality in (18. 3p . □ □ 

8.1. Extension of the intersection number i^g- To show Theorem [Sj we first 
extend the intersection number (jS.ip to the whole MCgm x MCgm- 

Proposition 8.1 (Extension of ixo)- For any xq G Tg.m, there exists a unique 
continuous function 

(8.5) ixoi-, •) : MCgm x MCgm ^ M+ 
such that 

(1) For ty G MTgm and sp G M9gm with y G Tg^„i, p G dGMTg and s > 0, 
ix,{ty,sp) = tsSyip) = tse-'*-(^°'^)£a;C(p)i/2; 
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(2) ixo{(,v) = ix„iv,0 for C,r] e MCgm; 

(3) ixo(sC,,t-q) = st ■ ixoiCiV) for s,t>0 and C,ri e MCgm; 

(4) for y,z e Tg,m, ixo{y,z) = exp{-2{y\z)xo); 

(5) for ( ^tp e MCgm with p e cIga/ (7^,m); 



^xoiCO 



t^exp{-2dTixo,p)) i/C e MTgm 
tfC&MdGM-, 



(6) *.o(*;^o'(^)' "^xo'iG)) = HF, G) for all F,G e MT . 

Proof. Consider an equicontinuous family {^'yjyGTg ™ given in Proposition [7jTJ For 
any C e MCgm, 

By Proposition 16. 1[ the family {^^y}j,eTg ,„ miifornily bounded on any compact 
set. Therefore, the family is a normal family. 

Let C G MCgm- Let p G clGA/(7^,m) and i > such that C = ip- Let {?;„}^i 
be a sequence converging to p. Take a sequence {tn}5^i of positive numbers with 
tn — > By Ascoli-Arzela theorem, there is a subsequence {yn^lj such that a 
sequence {^^t„ .i/„.}j converges to a continuous function on MCgm uniformly on 
any compact set. Notice that for sz G MTgm, from Lemma [5731 and (17.41) . 



(8.6) £'{sz) = lim £t„.y„.{sz) = lim £sz{tniVn,) = fs2(C)- 

7— ^OO J J j-^OO 



Take another sequence in MTgm which tends to C such that £tky'^ converges 

to a continuous function £" on MCgm uniformly on any compact set of MCGAf- 
Since the right-hand side of (j8.6p is independent of converging sequences, the same 
conclusion holds for £" . Namely, we have 

£"{sz)=£,,{0^£'{sz) 

for all sz G MTgm- Since MTgm is dense in MCgm and both £" and £' are 
continuous on MCgm, £" = £' on MCgai- This means that the limit £' above is 
dependent only on (, independent of the choice of the sequence {j/nlJJ^Li converging 
to C- We denote by ixoiC, ') the limit. 

For any i? > 0, notice again that {£sy}syeMeGM{R) ^ normal family of contin- 
uous functions on MCgm- Hence, from the argument above, 

(8.7) MCgm x MCgm 3 (C, v) ^ ^x, (C, 

is continuous in two variables. The condition (1) in the statement follows from the 
construction and (17.11) . From the density of MTgai x MCgm in MCgm x MCgm we 
deduce the uniqueness of our function ixoi'i')- 

Let us check that our function ixai', •) satisfies the remaining conditions (2) to 

(5) in the statement. Lideed, (2) and (3) follows from the density of MTgm in 
MCgai and equations (fr2|) and (f774|) . We get (4) from (fTS]) . The condition (5) is 
verified from 

ixo{C,X) ^t'^Gxp{-2{y\y)xo) = exp(-dT(xo, y)) 

when C = G MTgai and the continuity of the function ixd-, ■)- The last condition 

(6) follows from Proposition 15. II □ □ 
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i.2. Intersection number is intrinsic. Wc define 
;8.8) z(a,b) = (a), *;„i(b)) 



for a, b G MCoM- It follows from (jl.6p that the intersection number (|8.8p is intrinsic 
in the sense that the value is independent of the choice of basepoint xq. In this 
section, we shall give a more direct proof. 

Proposition 8.2 (Intersection number is intrinsic). The function (j8.8l) is defined 
independently of the choice of the basepoint. Namely, for xi,X2 G 7^,m, we have 

(8.9) t,,{^-^{a),^-^{b)) = 
for a, b e Cgm- 

Proof. We first notice from the definition of MTgm (cf. (|4.2p ) that the cone MTgm 
is defined independently of the basepoint. Hence, from the density of Tgm in Cgm, 
it suffices to check ()8.9|) only on Tgm x Tgm- 

Let tti e Tgm- Then, there exist tij > {i,j ~ 1, 2) and yij £ Tg.m such that 

(8.10) a, = iU.jVt,]) = U.j '^x, (2/»j) = [5 9 a ^ij^^a,,, (a)]- 

For i — 1,2, the projective classes of ^i^i(yi,i) and 5'a;2(?/i,2) agree and hence 
yi,i — yi,2 by Lemma 6.1 in [13 . From now on, we let yi — yi^i — yi^2- From (j8.10p . 

Ext,.(a)V^ Ext„.(a)i/2 

ti,l TJ—, TT — cii[a) — ti,2- 



exp(dT(a;i,yi)) ' exp(dT(a;2, J/i)) 

for all a e 5, where ai{a) is the a-coordinate of Oi for a G iS. Equivalently, we 
have 

exp(-dT(a:^i,2/i)) = ^i,2 exp(-dT(a;2, y^)) 

and hence 

/o11^ + + + + exp(rfT(a:i,yi) + rfr(a:i,y2)) 

(O.iij tl,l'2,l = ri,2l2,2 T-TT N , , / ^• 

exp{dT(X2,yi) + aT(x2,y2)) 
Thus, by (|8.1ip and (4) of Proposition ETTl we have 

*^i(*xi^(ai)>*:i^i^(a2)) = ixAti,m,h,iy2) 

= ti, 1*2,1 • ixAyi^Vi) 

= ii, 1*2,1 ■ exp(-2(?/i 1 2/2)2:1) 

^ ^ exp(dT(a^i,t/i) +dT(a;i,?/2)) 
' ' exp(dT(2;2,yi) +rfT(a;2,2/2)) 
X exp(-(iT(a;i, j/i) - dT{xi,y2) + <iT(yi, 2/2)) 

= *1,2*2,2 ■ ix2{yi,V2) 

= (*;;,' (ai),*^-,^ (02)), 

which is what we wanted. □ □ 
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•12) (Ch)xo = -olog^-o(C,'7) 



8.3. Extension of the Gromov product. In this section, we give a proof of 
Corollary [T] which asserts that the Gromov product admits a unique continuous 
extension to dcMiTg.m)- 

Proof of Corollary [I[ The uniqueness of the extension follows from the density of 
Tg^m in clGA/(7^,m) and the condition (1) in the assertion of Corollary[T] Hence it 
suffices to show existence. 
Define 

1 
2 

for C,r] ^ c\GM{Tg.m), where c\GM{Tg.m) is identified with a subset via the em- 
bedding (|4.5|) . Notice from Proposition 16.11 and Corollary U that ixoiCjV) ^ 1 for 
C, r/ e clGM(7^,m)- Hence, by Proposition 18. 11 ixoi'j ") is a non-negative continuous 
function on clGM(7^,m) x clGAf(7^.m)- Therefore, the pairing (• | ■)xo defined above 
is continuous with value in [0, oo]. From (4) of Proposition l8.ll the pairing in (j8.12|) 
satisfies the condition (1) in the assertion. 
Since 

/(i^,G)=*,„(*-i(^^),*-i(G)) 

= ^.„(Ext.„(F)V2[^^],Ext.„(G)V2[G]) 
= Ext,„(i^)i/2 . Ext,„(G)i/^*,„([F], [G]), 



we have 



exp(-2([F] I [G]).„) = ^,,i[F], [G]^ 



Ext,„(F)i/2.Ext,„(G)i/2' 
which is what we wanted. □ □ 

9. Isometric action of Tg^m 

An orientation preserving homeomorphism h: X ^ X induces a homeomorphic 
action /i* on dcMTg^m by the equation 

(9.1) £^,^,^{F)^t£p{h-\F)) 

for all F e J^J-, where i > is independent of F. Indeed, the action /i* is the 
homeomorphic extension of the Teichmiiller modular group action on 7^,m induced 
by h (cf. §5.4 of [33j). In this section, we give a necessary condition for a mapping 
of dcMTg.m to be induced from a homeomorphism on X. 

9.1. Mapping of bounded distortion for triangles. Recall that a mapping 
^ '■ Tg,m Tg^m is said to be a mapping of bounded distortion for triangles with 
distortion constants Di and D2 if 

-^{x\y)z - D2< {uj{x) I w(2/))„(^) < Di{x\y)^ + D2 

for all x,y £ Tg^m (cf. i il.3.6p . A mapping lo' : Tg^m — ^ Tg.m is said to be a quasi- 
inverse of uj : Tg.m ^ Tg.m if there is a constant D3 > such that 

sup {drix, u! o u!'{x)), drix, lo' o ijj{x))} < D3. 

X&Tg,m 

We note the following simple lemma. 
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Lemma 9.1 (Quasi- inverse). Let u be a mapping of bounded distortion for trian- 
gles. Then, any quasi-inverse lo' of lo is also a mapping of bounded distortion for 
triangles. 

Proof. Let x,y,z€Tg,m- A simple calculation shows 

{uj'{x) \ uj'{y))^,(z) < Di{ujooj'{x) \uj ouj'{y))^oLu'{z) + D1D2 
<Dii{x\y), + 3D3) + DiD2 
= Di{x\y), + Di{D2 + 3D3). 

The converse also holds in the same manner. □ □ 

9.2. Null space. For o G Cgm, we define the null space of a by 

M{a) = {beCGM M(a,b) = 0}. 
By definition, G A/'(o) for all a G Cga/. We remark the following simple claim. 

Proposition 9.1. The following hold. 

(1) For a G Cgm, A/'(a) 7^ {0} if and only if a e Bgm- 

(2) N{a) C Bgm for all a G Cgm- 

(3) M{a) r\MT^ {0} for a G Ogm. 

Proof. (1) If a G Tgm, from Lemma EJ and (1) of Theorem O Af{a) = {0}. If 
a G Ogm, from (5) of Theorem [51 we have a G A/'(a) and A/'(a) 7^ {0}. 

(2) From (1) above, A/'(a) = {0} C Bgm for G Tgm- Let a G Bgm- For any 
b G A/'(a), o G Af{b) 7^ {0}. This means that Af{a) D Tgm = {0} for all o G Cgm- 

(3) Let a G Ogm- Suppose a — ^GMitp) for some < > and p G dGMTg.m- If 
Af{a)r]MT = {0}, 

t£p{F) - = i{a,F) 7^ 

for all F G A^J" — {0} by Theorem [5l By Proposition 13. 2[ this implies p G 7^,m, 
which is a contradiction. □ □ 

Let w be a mapping uj: c\GM{Tg,m) — ^ clGA/(7^,m)- We extend the action of lo 
to MCgm by 

■- UCgm 3tp^ tuj{p) G MCgm 

where t > and p G clGA/(7^,m)- Let xq G 7^,,„ be the basepoint as before. We 
define a homeomorphism hi^ on Cgm by 

Proposition 9.2. Let uj: : Tg^m Tg^m be a mapping of bounded distortion for 
triangles. Suppose that uj admits a continuous extension to clGM^Tg^m)- Then, 
i{h^{a), h^{b)) = if and only if i{a, b) = for o, b G Bgm- Furthermore, if uj has 
a quasi-inverse uj' which also admits a continuous extension to c\GM{Tg.m), then 

(9.2) h^,oh^{N{a))ciN{a) 
when a E Ogm- 
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Proof. Let Di and D2 be the distortion constants of w. We may assume that 
a e Bgm from Proposition 19. II Notice fr-om a formal calculation that 

2('^(y) \ ^{z))ujixo) = rfT(t^(a;o),w(y)) + dT(w(a;o), ^(2:)) - rfT(w(y), w(z)) 
= dT{xQ,u!{y)) + dT{xo,uj{z)) - dT{uj{y),Uj{z)) 
+ {dT{oj{xQ),bj{y)) - dT{xo,oj{y))) 
+ {dT{ujixQ),LL>{z)) - dTixQ,uj{z))) 
= 2(a;(y) | uj{z))^„ - 2{uj{xo) \ uj{y))xo 
-2{lo{xd)\ + 2dT{,Xo,Uj{xo)) 

for every x, y G Tg,™- Since w is a mapping of bounded distortion for triangles with 
constant Di,D2 > 0, 

Tr(^ I y)^o - D2< (a;(a;) I w(2/)}<^(^o) < Di{y\z)x„ + D2. 
Therefore we conclude that 

(9.3) e-2^V,„(y, z) i,„{y, z)""' < i,^{uj{y),u{z)) < e^^V^Jy, z) i,,{y, z)*, 
where 

J ( ^ {(jj(xo),uj{y)) {ujxo), u}{z)) 

Let Ci'? £ dcMTg^m- Since a; has a continuous extension to c1ga/(7^^„i)i by 
letting y ^ C and z — ^ 77 in (|9.3p . we get 

(9.4) e-2^V,„(C,r,)z,„(C,??)^^ < ixo{^{0,uj{v)) < e^'^U.^iCv) txoiCv)^ 
from Proposition 18.11 where 

ia;o (w(a;o), w(y)) (a;(a;o), a;(z)) 



^0 



^4dTixo,(^(xo)) 

since a;(a::o) G 7^,m (cf. Lemma [5?2|) . Therefore, (|9.4p implies that ia;Q(a;(C), 01(77)) = 
if and only if ixoiC, 1]) = for C,V ^ daNiTg^m- 

Let a, b G 9ga/- Take Crj £ dcAiTg^m and s > with a = 'i'xoiK) and 
b = §,„(sr;). Then, by (EH), 

i(a, b) = {tC, ST]) is i^^,, (C, ??) 
i(/i,^(a),/i^(b)) ^ ixa{H^{tC),H^{srj)) = ts i^^o (w(C), w(r/)). 

Therefore, 7(0, b) = if and only if i{h^{a), hi^{b)) — 0. 

Suppose w has a quasi-inverse uj' of quasi-inverse constant D3 which extends 
continuously to clGA/(7^,m)- Then, 

2{y I z),„ - 2D3 < 2{y \ uj' o cj{z))x„ < 2{y \ z)^, + 20^ 

and 

e^'^^''ixo{y,z) < ia;„(y,w'oa;(z)) < e'^^Ha^giy, z). 
Therefore, by letting y — )■ C and z rj, we have 
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for all C^V ^ dcAiTg^m, which implies 

e-^°H{a, b) < i{a, h^, o h^{b)) < e'^^H{a, b) 
for a, b e doM- Let b e h^' o hu:{N'{a)). Take c G A/'(a) with b = ft.,^' o ft,^(c). Since 

«(o, b) = «(a, /i,^' o /i^(c)) < e'^^H{a, c) = 0, 
we have b G A/'(a). Thus, we obtain 
(9.5) /i^- o/i^(A/-(a)) c AA(a), 

and we are done. □ □ 

9.3. u! preserves VAiJ^. This section is devoted to show (1) in Theoreni[31 Namely, 
we prove the following. 

Proposition 9.3 (w preserves VM.J-). Let lo: Tg.m Tg,in be a mapping of 
bounded distortion for triangles with continuous extension to cl(3M('7^,m)- Sup- 
pose that Lo has a quasi-inverse lo' which also extends continuously to clGM(7^,m)- 
Then, the restriction of u to VAdJ- is a self-homeomorphism of VMJF . Further- 
more, uj' — Lu^^ on PA4J-. 

The proof of Proposition 19.31 will be given in ii9.3.2l In the next section, be- 
fore showing Proposition 19. 3| we deal with uniquely ergodic measured foliations as 
elements in Cgm- 

9.3.1. Uniquely ergodic measured foliations. In this paper, G G A4J- — {0} is said 
to be uniquely ergodic if every F G (7V(G) — {0}) n AiJ- is projectively equivalent 
to G. It is known that the set of uniquely ergodic measured foliations are dense in 
AiF. In fact, such measured foliations consists of a full-measure set in A4J- (cf. 
[27] and [42]). 

In the Gardiner-Masur boundary, simple closed curves and uniquely ergodic 
measured foliations are rigid in the following sense. 

Lemma 9.2 (Theorem 3 of [34 ). Let p G clGM{Tg,m) ■ Let G G be a simple 

closed curve or a uniquely ergodic measured foliation. Suppose that £p{F) — for 
F G J\f{G) n MT. Then there is a t > such that 

£p{F)=tt{F,G) 

for all F G AiJ-. Namely, p — [G] as points in clGM(7g,m)- 

Here, we give a characterization of uniquely ergodic measured foliations as fol- 
lows. 

Lemma 9.3 (Uniquely ergodic points). The following four conditions are equiva- 
lent for a G Cgm ~ {0}: 

(i) There exists b G Cgm such that J\f{a) — {tb \ t > 0}. 

(ii) 7V(a) = {ta\t> 0}. 

(iii) o G AiJ- and a is uniquely ergodic. 

(iv) 7V(a) contains a uniquely ergodic measured foliation. 

Proof, (i) is equivalent to (ii). Clearly (ii) implies (i). Since J\f{a) ^ {0}, 
a G Bgm- Thus, (ii) follows from (i) since i{a, a) = (cf. Theorem [5]). 

(ii) implies (iii). By (1) and (3) of Proposition EH a G Bgm and 7V(a) n X J" 7^ 
{0}. Therefore, we have a G MT. Thus, if F G satisfies L{F,a) = 0, F is 
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projectively equivalent to a. This means that o is a uniquely ergodic measured 
foliation. 

(iii) implies (ii). Let G E M.F C Cgm be a uniquely ergodic measured foliation. 
Let b e M{G) - {0}. From Proposition [9J1 b G Bgm- Let p e doAiTg^m and t > 
with b = ^xoitp)- Then, by Theorem [5l 

Hence, by Lemma [9.21 b is projectively equivalent to G. This means that Af{G) = 
{tG\t> 0}. 

(iii) is equivalent to (iv). Clearly (iii) implies (iv) since a G JV{a). Suppose 
Af{a) contains a uniquely ergodic measured foliation G. Since i{a,G) — 0, by 
applying the same argument in "(iii) implies (ii)" above, we get o is projectively 
equivalent to G and a is a uniquely ergodic measured foliation. □ □ 

9.3.2. Proof of Provosition Let G G MJ- C Cgm be a uniquely ergodic mea- 
sured foliation. Since M{G) — {tG | i > 0}, we have from Proposition 19.21 that 

hu,' o h^{JV{G)) c NiG) = {tG\t> 0}. 

Since K> o h^{G) e h^' o h^{J\f{G)), K, o h^{N{G)) ^ {0}. Therefore, 

K' o K[M[G)) = N{G) ^{tG\t> 0}. 

This implies that uj' ouj{[G]) = [G]. 

Since the set VM-T^^ of uniquely ergodic measured foliations are dense in VMF 
and UJ and w' are continuous, we conclude that w' o a; is the identity mapping on 
VAAJ-. By applying the same argument, we deduce that a; o is also the identity 
on VM.J-. In particular, since 

VMF =UJO Lo'iVMF) C Lj{dGMTg,m), 

AiF is contained in both h^{dGM) and hi^i{dGM)- 

Let [G] e VMJ'"^ again. By Proposition lH we can take F e N{K{G)) n 
M.J^ with F 7^ 0. Since MT C h^idcAi), there is an a S Ogm such that F — 
hi^{a). Since i{hi^{a),hi^{G)) — i{F,h^{G)) — 0, we have from Proposition 19.21 
that i(a, G) = 0. Hence, it follows from Lemma [9.31 that a = tG for some t > 0. 
Therefore h^iG) f-^F e A^J", and w([G]) G PMT for aU [G] £ VMF^^. 
By applying the same argument to /i,^', we conclude that ujIVMT) C VM.J- and 
uj'{VM.F) C VMF from the density of uniquely ergodic measured foliations in 

On the other hand, since uj ou' and u' olo are the identity on we deduce 

PMT = ioo Lu'iVMT) c Lo{rMT) c T'X J" 
and we are done. □ 

9.3.3. Null space in M.F . From Proposition |931 we have the following observation. 
Proposition 9.4. Let uj he as Provosition 1 9. 3[ For G E M.F C Cgm, 



K{N{G) n MT) = N{K{G)) n MT. 



UNIFICATION OF EXTREMAL LENGTH GEOMETRY 



31 



Proof. Take a quasi- inverse oj' of Notice from Proposition 19.31 that uj' = uj^^ on 
VM.F. Therefore, the restrictions of and hu:' to are self-homeomorphisms 
of J" and h^j = h~} on MF. 

Take F e M{h^{G)) f\ MF. Since i{K o K'{F),K{G)) = i{F,K{G)) = 0, we 
have i{h^,{F), G) = and h^'{F) e M{G) n X J" from Proposition [9Jl Therefore, 

M{h^{G)) n X J- c h-}{M{G) n 7W J") 

c h-}{M{G)) n J") = /ic.(AA(G)) n MF. 

Conversely, let F G K{N{G))r\MF . Take G 7V(G) with = i^. By Propo- 

sition [U again, i{h^,{F),G) = i{H, G) = implies i{F, /i^(G)) = 0. Therefore, we 
obtain F G J\f{h^{G)) fl J" and 

h^JViG)) n X J- c JV{h^{Gj) n X J", 

and we are done. □ □ 

9.4. Proof of Theorem [3l From Proposition [^31 h suffices to check the assertion 
(2) in the theorem. 

Let a = 1- a £ E+ ® S. We identify a as an element of Bgm by (|2.2p . Then, by 
Proposition inSl h^ioi) G A^J". Notice that A/'(a) flyVlJ^ is a subset of codimension 
one in MF. Therefore, by Proposition 19. 4[ so is M{hu{a)) n MF since is a 
self-homeomorphism of J^. Since the complex dimension of 7^,m is at least 2, by 
virtue of Theorem 4.1 in [18], we deduce that hu{a) G K+ ® S. By applying the 
same argument to the quasi-inverse cj', we conclude that the action of uj on VMF 
preserves S. Namely, is a bijection from S onto S. 

Let a, /3 G 5 with i(a, /3) = 0. Then, /3 G N{a) ("1 J". By the argument 
above, hi^{(i) G M{huj{a)) Ci MF and hence i{h^{a),ht^{(i)) = 0. This means that 
uj: S ^ S induces an automorphism of the complex of curves of X. □ 

9.5. Proof of Corollary [2l The purpose of this section is to prove Corollary [2] 
by applying Theorem[3l Here we notice that any isometry of (7^,m, dr) extends to 
dGAiTg^m as a homeomorphism, since c\QM{Tg^m) is canonically identified with the 
horofunction compactification of {Tg,m,dT) (cf. [22l. See also [6], [T4j and ^38]). 

9.5.1. Action of the extended mapping class group. Before proving Corollary[2l we 
shall recall the action of the extended mapping class group on Teichmiiller space 
(cf. [ig and [30]). 

The extend mapping class group Mod*(X) is defined by 

Mod*(X) = Diff(X)/Diffo(X) 

where Diff(X) is the group of diffeomorphisms of X and Diffo(X) is a normal 
subgroup of Diff(X) consisting of diffeomorphisms which are isotopic to the identity. 
Here, we may choose X so that it admits an antiholomorphic refiection jx : X X. 

Let ip G Diff (X). If -0 is represented by an orientation preserving diffeomorphism, 
the action of ip is defined by 

If is represented by an orientation reversing diffeomorphism, there is an orienta- 
tion preserving diffeomorphism 1}^ such that ip is isotopic to i?^ o jx . Then, the 
action of ip is defined by 

MYJ)^{Y*,ryofojxo^-^), 
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where Y* is the conjugate Riemann surface to Y, that is, the coordinate charts 
of Y* are those of Y followed by complex conjugations, and Ty ■ Y ^ Y* is the 
anticonformal mapping induced by the identity mapping on the underlying surface 

of y. 

The following is well-known. However, we give a proof here because the author 
cannot find a suitable reference in the case of the action of orientation reversing 
diffeomorphisms . 

Lemma 9.4 (Isometry). Any element in the extended mapping class group acts 
isometrically on {Tg.m,dT)- 

Proof. Let ip e Mod*(X). If ip is represented by an orientation preserving diffeo- 
morphism, the assertion is well-known (cf. e.g |16)). 

Suppose that ^p is represented by an orientation reversing diffeomorphism. Let 
1?^ as above. From the original definition of the Teichmiiller distance (12. ip . we have 

dTiMYiJi),MY2j2)) ^llogini K{h') 

Z h' 

where h' which runs over all quasiconformal mapping from Y* to Y2 homotopic to 

(/2 o jx o ^i,) o (/l o jx o -di,)^^ = 0/2° fi^ o ry^- 
Since each ry. are anticonformal, the action of "0* is an isometric. □ □ 

In the proof of the following lemma, we should remark that for any simple closed 
curve a on a Riemann surface Y , 

(9.6) Exty.(ry(Q;)) = Exty(a). 

Indeed, notice that any conformal metric p = p{z)\dz\ on Y is naturally realized 
as a conformal metric on Y* by push- forwarding by ry- Hence the equality holds 
since the extremal length is defined by the supremum of the square of p-length over 
the p-area, where p runs over all conformal metrics (cf. [1]). 

Lemma 9.5 (Action at the boundary). For ijj G Mod*{X), the restriction of the 
action of ip to VAAT C dcMTg.m coincides with the canonical action of ■0 on 
VM.T , that is, the continuous extension of the action S 3 a 1-^ "ipict) G S. 

Proof. Let ip e Mod*{X). We only check the case where ip corresponds to an 
orientation reversing diffeomorphism. The other case can be treated in a similar 
way (cf. e.g. Theorem 1.3 of |33j). 

For a G S, we denote by Ra,y ■ [0, 00) Tg,m the Teichmiiller geodesic ray 
which emanates from y and is defined by the Jenkins-Strebel differential on y whose 
vertical foliation is a. Let {Xt, ft) = Ra,xo{t) for t >0. Let Poo & dcAiTg^m be the 
limit of the Teichmiiller geodesic ray t tp*{Ra,xo{t))- 

Take /? e 5 with i{a, (3) — 0. From the proof of Theorem 5.1 of [ 13] . 

Extx Aftm = Ext;j^,^^^(,)(/3) = 0(1) 
as i ^ 00 (see also ^19i). Take -d^ as above. Since o jx is isotopic to ip, 

Ext^.(«...o(*))(^(/3)) =Extx;(r^, o/,oj;f o^-i(V;(/3))) 

(9.7) = Ext^. (rx, o f,{f3)) = Ext^, (/,(/?)) = 0(1) 
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as t — > oo (cf. (|9.6p ). This means that the corresponding function 8p^ at the hmit 
Poo satisfies 

£:p„(/?')= lim £^.(K„,.„(t))(/3') 

= ^hm .Ext^.(fl„,^^(,))(/3')'/' = 

for all /3' e 5 with /?') = 0. Since the set {t/3' € M+ (g) 5 | i{ip{a), /?') = 0} 

is dense in M{ip{a)) fl by Lemma [Ol the limit Pao is equal to the projective 

class of □ □ 

9.5.2. Proof of Corollary\^ Let lo be an isometry of 7^,m- Then, uj extends liome- 
omorphically to clGM(7^,m)- We denote by the same symbol w the extension. By 
Theorem [3] and Theorem by Ivanov, Korkmaz and Luo, there is a diffeomorphism 
h ou X which induces the action of the complex of curves above (cf. [17], [20] 
and [23]). By Lemma (9.41 h acts on Tg,m isometrically and the action extends to 
clGAf('7g,m)- We denote by /i» the action of h to clcMiTg^m)- Let w = w o h~^. 
By Lemma 19. 5[ uj acts on 7^,m isometrically and coincides with the identity on 

VMT C dGMTg,m. 

The argument below is similar to that of the proof of Theorem A in [18j . However, 
our situation is different from that in Ivanov's proof. Indeed, as we discussed in 
Introduction, we consider the Gardiner-Masur compactification while he discussed 
"exponential maps" of Teichmiiller geodesic rays. Hence, for completeness, we 
proceed to prove the theorem. 

Claim 9.1. uj has a fixed point in 7'g,m- 

Proof. Take a,j3 G S which fill up X. Consider a holomorphic quadratic differen- 
tial q whose horizontal and vertical foliations are a and /3 respectively (cf. [15|). 
Consider the Teichmiiller disk : D — i> Tg^m corresponding to the quadratic dif- 
ferential q. It is well-known that the Teichmiiller disk tp is invariant under the 
action of a pseudo-Anosov mapping t„ ° t^^ where and rp are Dehn- twists 
along a and /3, respectively (cf. jlO]). Let /xi and fi2 be the stable and unstable 
foliations of the pseudo-Anosov mapping. For simplifying of the notation, we set 
— {Q!, /3, Ail, /X2}, where the equality holds as unordered sets. Let 9i e 9D 
be the corresponding point to Xi via ip. This means that the radial ray of direction 
9i terminates at the projective class of Xi G dcMTg^m (cf. [31]. See also Theorem 
5.1 of [13] and Lemma [9. 2p . We may assume that 9i lies on counterclockwise. 
For i = 1,2, let gi be the hyperbolic geodesic connecting 9i and 9i+2 in Then, 
gi and 172 intersect transversely in D, and f{gi) H ip{g2) consists of one point, say 
2^1 S Tg,m since ip is injective. 

Since each end of gt are asymptotically tangent to the radial ray at dD, ipigi) is 
Teichmiiller geodesic which terminates at the projective classes of Xi and in 
the Gardiner-Masur compactification (cf. [22] and Proposition 4.9 in [35] )■ Notice 
from Theorem 1.1 in |34j that the limits of two different Teichmiiller rays emanating 
from xi are different in the Gardiner-Masur compactification. Hence, the horizontal 
and vertical foliations of corresponding quadratic differential qi should be Xi and 
Xi+2 ioT i — 1,2. 

Since uJ is the identity on VMJ-, LJ{Lp{gi)) is also a Teichmiiller geodesic termi- 
nating at the projective classes of Xi and Ai+2. By applying Theorem 1.1 in [34] as 



34 



HIDEKI MIYACHI 



above, we deduce that uj{(p{gi)) is the Teichmiiller geodesic of the holomorphic qua- 
dratic differential whose horizontal and vertical foliations are Xi and Xi+2- Thus, by 
Theorem 5.1 in [13 , Lj{ip{gi)) = ip{gi) for i = 1, 2 and hence ZJ fixes the intersecting 
point xi. □ □ 

Claim 9.2. uj is the identity on Tg,m- 

Proof. The discussion given here is the same as that by Ivanov in ;18 . However, 
we include a proof for completeness. 

As in the previous section, for a € S, we denote by Ra.xi ■ [0, oo) — > 7^,m the 
Teichmiiller geodesic ray which emanates from xi and is defined by the Jenkins- 
Strebel differential on xi whose vertical foliation is a. Hence, from Theorem 1.1 in 
[34] again, we have that Ra,xi is the only geodesic ray which emanates from xi and 
terminates at [a] G VM.F C doMTg.m since limt^oo Ra,xi{t) = [a] by Theorem 
5.1 of 13J. Since = [a], we deduce that ZJ o Ra^xi — Ra.xi on [0, oo). Since 

Teichmiiller rays {Ra,xi}aes are dense in 7^,m, we conclude that ZU is the identity 

on Tg,m- □ □ 

For closing the proof of Corollary [5J we check that the extended mapping class 
group Mod*(X) is isomorphic to the isometry group Isom(7^^,„, dy) of {Tg^nndr)- 
From Lemma |9.4[ there is a natural homomorphism 

(9.8) Mod*{X) 3 K elsoin(Tg.jr,,dT). 

From Claim the homomorphism (|9.8p is surjective. Let h € Mod*{X) and 
assume that /i* — id on 7^,m- Then, from Lemma 19.51 the extension of /i* to 
doMTg^m fixes S pointwise. From Theorem[3l induces the identity automorphism 
of the complex of curves. Hence, by Ivanov-Korkmaz-Luo's theorem, h should be 
the identity from the assumption of X. □ 

10. Hyperboloid model 

We close this paper with a hyperboloid model of Teichmiiller space of the Te- 
ichmiiller distance by confirming (|1.7I) and (11.81) which are discussed in ijl.3.41 

Proposition 10.1 (Hyperboloid model). The image of ^gm coincides with 

{a e Cgm I «(a, a) = 1}. 
Furthermore, we have the equality 

(10.1) Ogm = OCgm - {a G Cgm \ i{a, a) = 0}. 

Proof. We first check (jlO.ip . The equality Ogm = QCgm follows from the definition. 
Let a e Ogm- By definition, a — t '^xgip) for some p G dGAiTg^m and i > 0. Take a 
sequence in Tg^m with ?/„ — > p in c\GM{Tg,m)- From (5) of Theorem[5l we 

have 

i(o,a)= lim t^ii"^ xoiVn),'^ xoiVn)) = lim exp(-dT(a;o, yn)) = 0, 

n— fC30 n— foo 

and hence 

dGM C {o G Cgm \ «(a, a) = 0}. 
Conversely, let a G Cgm with i(a, a) 0. If a G 7gj\/, there is y G Tg^m and < > 
such that — f^xtXv)- Therefore, 

i{a, a) t^ i{-i'xo{y),'^xo{y)) ^ exp{~dT{xo,y)) > 0, 
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which is a contradiction. Hence, we get ()10.ip . 
From (fTSj) and (4) of Theorem [5l 

i{^GM{y),^GM{z)) = exp{dT{xo,y)) ■ exp{dT{xo, z)) ■ i{^^„{y),^^g{z)) 
= exp{dT{y,z)) 

For y, z £ T{X). In particular, we have 

^GM{Tg^,n) C {a e Cgm I i(a, a) = 1}. 

Take a £ Cgm with i(a, a) = 1. From ()10.ip . a e 7ga/- Therefore, a = t^Ghiiy) 
for some i > and y e Tg.m- On the other hand, since 

1 = i(a, a) = t^ii^GM{y),^GM{y)) = cMdriy, y)) = t^- 

Therefore, we have t ~1 and 

{a e Cgm \ i{a, a) = 1} c $0^/(7^,™), 

which is what we wanted. □ □ 
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